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1. INTRODUCTION
Let p be a prime number and K be an algebraically closed ﬁeld of char-
acteristic p. Let G be a ﬁnite group and B be a (p−) block of G. We denote
by lB the number of isomorphism classes of irreducible KG-modules in
B. Let D be a defect group of B and let B0 be the Brauer correspondent of
B, that is, B0 is a block of NGD associated with B in the sense of Brauer.
In [1], Alperin deﬁned a weight for G and raised a conjecture on lB in
terms of weights. A weight for G is a pair Q	 S where Q is p-subgroup
of G and S is an irreducible KNGQ-module which is projective when we
regard it as an KNGQ/Q-module. When S belongs to a block of NGQ
associated with B, Q	 S is called a B-weight. Alperin conjectured that lB
is equal to the number of G-conjugacy classes of B-weights. Suppose that
D is abelian for a while. Then any B-weight is G-conjugate to D	V  where
V is an irreducible KNGD-module belonging to B0 (see [1], p. 372). So
it is conjectured that lB = lB0. This is well known to be true for B
when D is cyclic, by Dade’s result on blocks with cyclic defect groups. It is
true for principal 2-blocks too by [9]. Let b be a block of CGD associated
with B. When NGD	b/CGD is an elementary abelian 2-group or when
NGD	b/CGD is small, Alperin’s conjecture is true for B (see [14, 15,
17–21, 23] for the details).
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In this paper we study Alperin’s conjecture for principal blocks of ﬁnite
groups with abelian Sylow p-subgroups, using the classiﬁcation of ﬁnite
simple groups. Let BG denote the principal block of G and P be a Sylow
p-subgroup of G. We put GP = NGP/CGP and suppose that P is
abelian. Then by the third main theorem on blocks it is conjectured that
lBG = lBNGP. On the other hand note lBNGP is equal to
the number of irreducible characters of GP. Now the following is our
main result.
Main Theorem. Let t be a prime and let G be a ﬁnite group with abelian
Sylow p-subgroup P such that GP = t. Then we have lBG = t.
In the remainder of the paper we will give a proof of the above theorem.
First of all we show that a proof of it is reduced to ﬁnite simple groups in
the next section. And in Sections 3-6 we will study all ﬁnite simple groups
G such that G has an abelian Sylow p-subgroup P and GP is a prime,
although for some of those simple groups Alperin’s conjecture is already
veriﬁed. It turns out that such simple groups are very restricted (Proposition
64). A proof of our theorem is completed in Section 7.
Our notation is standard and we refer to the books [8, 10, 13] for the
notation and terminology.
2. REDUCTION TO FINITE SIMPLE GROUPS
In this section we give a proposition for the reduction of our main state-
ment to ﬁnite simple groups. As in the above for a ﬁnite group G we denote
by BG the principal block of G. For a ﬁnite group G and a subgroup H of
G, a factor group NGH/CGH is called an automizer of H in G, which
is denoted by GH. Now we will set the following hypothesis, a proof of
which is given in Section 7.
Hypothesis (H). Let t be a prime number. If G is a ﬁnite simple group
with abelian Sylow p-subgroup P such that GP = t, then lBG = t.
Proposition 2.1. Under the above hypothesis (H), if G is a ﬁnite group
with abelian Sylow p-subgroup P such that GP = t, then lBG = t.
Proof. At ﬁrst we show GQ = 1 or t for Q ≤ P . For n ∈ NGQ,
CGQ ⊇ Pn and CGQ ⊇ P . Hence there exists c ∈ CGQ such that
Pn = Pc , so nc−1 ∈ NGP. Therefore we have NGQ = NGQ ∩
NGPCGQ. This implies
NGQ/CGQ ∼= NGQ ∩NGP/NGP ∩ CGQ
The right hand side is a homomorphic image of NGQ ∩NGP/CGP,
hence NGQ/ CGQ = 1 or t. In particular if H is a subgroup of G and
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S is a Sylow p-subgroup of H then HS = 1 or t. Now we prove the
proposition by induction on the order of G. Let P1 = CPNGP and
P2 = NGP	 P. Then we have P = P1 × P2.
Step 1. If P1 = 1, then lBG = t.
Let U = OpG. Then by [10, Chap. 7, Sect. 3], P2 is a Sylow p-
subgroup of U and we have NUP2/CUP2 = t. By the induction
hypothesis lBU = t. Since P is abelian, for any ordinary irreducible
character χ ∈ BG and for any p-element x, we have χx = 0. This fact
implies that any irreducible character ζ ∈ BU is G-invariant because
BG covers BU. Hence we see any modular irreducible characters in
BU also are G-invariant. Therefore as G  U  is a p-power, we have
lBG = lBU = t. This completes the proof of Step 1.
Step 2. If Op′ G = 1, then lBG = t.
Let K = Op′ G, G = G/K and P = PK/K. Then we have NGP =
NGPK/K and CGP = CGPK/K. Besides we have NGPK/
CGPK = NGP/CGP = t since K is a normal p′-subgroup of
G. Therefore, if K = 1, then we have lBG = t by the induction
hypothesis for G. So we have lBG = t.
Step 3. Let M be a proper normal subgroup of G. If p does not divide
G M, then lBG = t.
By the assumption we have P ⊆ M and NMP/CMP = 1 or t. If
NMP/CMP = 1, then M is p-nilpotent. By Step 2 we may assume
Op′ M = 1, and hence M = P G. Then it is evident that lBG = t.
Next we assume NMP/CMP = t. By the induction hypothesis we have
lBM = t. On the other hand, since we have NGP = CGPNMP in
this case, G = MNGP = MCGP. So by [7], the principal blocks of G
and M are isomorphic. In particular we have lBG = lBM = t.
Step 4. Conclusion
By our hypothesis (H) we may assume that G is not simple. Let L be a
minimal normal subgroup of G. By Steps 1 and 3, we may assume L is not
a p-subgroup of G. Moreover by Step 2, L is not a p′-subgroup of G. Let
Q be a Sylow p-subgroup of L, which is contained in P . From the remark
in the beginning of the proof, we can see NLQ/CLQ = t. Suppose that
L = L1 × · · · × Lu, where L1	    	 Lu are isomorphic simple groups. Then
if Qi is a Sylow p-subgroup of Li (1 ≤ i ≤ u), we have
LQ = L1Q1 · · · LuQu = tu
Therefore we have u = 1; that is, L is a simple group. Note L is non-
abelian by our assumption. Next put C = CGL and suppose that C =
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1. As C is normal in G, by Steps 1 and 3 again we may assume C is
not p-nilpotent (and in particular C is not a p′-group). Hence we have
CS = 1 for a Sylow p-subgroup S of C. Noticing LC = L × C we
have LCQS = LQCS = t2. This is a contradiction, so C = 1.
Hence by Schreier’s conjectureG/L is solvable. Let X be a maximal normal
subgroup of G which contains L. If G  X = p, then the maximal abelian
p-quotient of G is not the identity, and hence P1 = 1. So by Step 1 we
are done. If p does not divide G  X, then we are done by Step 3. This
completes the proof.
Remark 21. Let t be a prime number and suppose that there does not
exist a ﬁnite simple group G such that G has an abelian Sylow p-subgroup
P with GP = t. Then we can see that if G is a ﬁnite group with abelian
Sylow p-subgroup P such that GP = t, then G = Op′ GNGP from
the argument in the proof of Proposition 21. In fact from the argument
in Step 2, we may assume Op′ G = 1. Hence it sufﬁces to show that P is
normal inG. Next suppose that P1 = 1. Then by the induction hypothesis P2
is a normal Sylow p-subgroup of OpG = U . Moreover we have U  P2 =
t because Op′ U = 1. Hence we have G = NGP. So we may assume
P1 = 1. From Step 4 and our assumption, a minimal normal subgroup of G
is a p-group. Hence CGOpG is a proper normal subgroup of G with p′-
index. By applying the induction hypothesis for CGOpG, P is normal in
CGOpG and hence P is normal in G. Here put p = 2. From a theorem
of Walter [22], for only Mersenne’s primes t there exists a ﬁnite simple
group G, such that G has an abelian 2-subgroup P with GP = t (see
Sections 5.1 and 5.2 below.).
From the arguments in the proof of Proposition 21, we have the follow-
ing, which will be used repeatedly in this paper.
Corollary 2.1. Let G be a ﬁnite group with an abelian Sylow p-
subgroup P such that GP = t. If t is a prime number, then we have
(1) GQ = 1 or t, for any subgroup Q of P .
(2) For any involved group section H in G with p ∈ πH, H is
p-nilpotent or HR = t for a Sylow p-subgroup R of H.
3. ALTERNATING GROUPS AND SPORADIC GROUPS
In this section, we study Sylow automizers in alternating and sporadic
groups.
Proposition 3.1. Let An n ≥ 5 be an alternating group on n letters. For
p ∈ πAn and a prime number t, a triple An	p	 t satisﬁes AnP = t for
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an abelian Sylow p-subgroup P of An if and only if An	p	 t = A2t+1	 2t +
1	 t	 A2t+1	 2t + 1	 t	 A5	 2	 3, and A5	 3	 2 where 2t + 1 is a prime
with t ≥ 2. In particular, if AnP is a prime then P is cyclic except for
A5  PSL2	 4 and p = 2.
Proof. Since n ≥ p, n can be written as n = pk + r k ∈ , 0 ≤ r ≤
p− 1.
Case 1. p = 2 or 3. It is obvious that the only A5	 2	 3 and A5	 3	 2
satisfy our condition. So we may assume that p is greater than 3 until the
end of this proof.
Case 2. k ≥ 2. We can use at least pk letters i11 	    	 i1p 	    	 ik1 	    	
i
k
p . Let Qj = ij1 	    	 ijp  1 ≤ j ≤ k and Q = Q1 × · · · × Qk.
Take the alternating subgroup Ajp = Aij1 		ijp   Ap of An on
the set ij1 	    	 ijp . Suppose that AnP is a prime t for an
abelian P ∈ SylpAn containing Q. Then by Corollary 21 we have
AnQ = 1 or t. However AnQ ⊇ A1p Q1 × A2p Q2 and
A
j
p
Qj = p− 1/2 = 1, a contradiction.
Case 3. k = 1. Now SylpAn  P  Zp and CSnP = P × Sr , where Sr
is a symmetric group on r letters. If r ≥ 2 then CSnP ⊆ An and AnP =
p − 1 is not a prime p ≥ 5. On the other hand, if r = 0 or 1 then
CSnP ⊆ An and AnP = p− 1/2. Therefore AnP = t is a prime
if and only if n = p or p + 1, and both p = 2t + 1 and t are primes with
t ≥ 2. The proof is complete.
Proposition 3.2. Let G be one of the 26 sporadic groups, and let P be
an abelian Sylow p-subgroup of G. If GP is a prime then P is cyclic.
Proof. We can see, from [6], that there are 29 cases where GP is a
prime, each of which is cyclic.
4. BASIC PROPERTIES OF GROUPS OF LIE TYPE
In this section, we describe a number of basic properties of groups of Lie
type (see [5]), which are used in the later sections.
4.1. The Chevalley Groups
Let F = GFq, and let ) and * = p1	    	 pl be a root system of
type Xl and a fundamental system in ), respectively. Let Gu = xrt  r ∈
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TABLE I
dXl q
Al Bl Cl Dl E6 E7 E8 F4 G2
l + 1	 q− 1 2	 q− 1 2	 q− 1 4	 ql − 1 3	 q− 1 2	 q− 1 1 1 1
)	 t ∈ F be a universal Chevalley group over F of type Xl. For r ∈ ) and
t ∈ F×, set
ωrt = xrtx−r−t−1xrt	 hrt = ωrtωr−1
Then we can ﬁnd the following relations among the above elements,
ωrhstω−1r = hwst	 (1)
ωrxsuω−1r = xwscr	 su	 (2)
hrtxsuhrt−1 = xstns	ru	 (3)
for r	 s ∈ )	 u ∈ F , and t ∈ F×, where cr	 s = ±1	 ns	 r ∈ Z, and w is
a reﬂection along the vector r, namely w is an element of a Weyl group
W Xl of type Xl. Furthermore, we deﬁne two subgroups H and N as
H = hrt  r ∈ )	 t ∈ F× = hrt  r ∈ *	 t ∈ F×	
N = ωrt  t ∈ )	 t ∈ F× = ωr = ωr1	H  r ∈ )
Then H  Zq−1 × · · · × Zq−1 (l times) is called the standard Cartan sub-
group of G and we have N/H  W Xl. It is known that a factor group
Gu/ZGu  Ga is a simple group (an adjoint Chevalley group) except for
Xl	 q = A1	 2	 A1	 3	 B2	 2 and G2	 2. The orders dXlq of ZGu
are given in Table I.
The simple Chevalley groups are denoted by
Alq l ≥ 1	 Blq l ≥ 2	 Clq l ≥ 3	Dlq l ≥ 4	
E6q	 E7q	 E8q	 F4q	G2q
Note that if q is even, then Blq = Clq. So we may assume that q is odd
when Xl = Bl. For p ∈ πGu with p  dXlq, we may use either Ga or
Gu to examine Sylow automizers. Set U = Xr  r ∈ )+. U is called the
standard unipotent subgroup.
4.2. The Twisted Chevalley Groups
Here we shall deﬁne twisted groups from universal Chevalley groups
Gu over F = GFr of type Xl, and describe their basic properties. Let
σ be a non-trivial symmetry of the Dynkin diagram of type Xl, and 4
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TABLE II
d4Xl q4
Al Dl σ2 = 1 D4 σ3 = 1 E6 F4 G2 B2
l + 1	 q+ 1 4	 ql + 1 1 3	 q+ 1 1 1 1
be the order of σ . We assume that charF = 2 if Xl = B2 or F4, and
charF = 3 if Xl = G2. Then there exists a graph automorphism γ of or-
der 4. Suppose that there exists a ﬁeld automorphism θ of order 4 when
all roots of Xl have the same length, and that there exists a ﬁeld auto-
morphism θ such that pθ2 = 1 (p = charF) when Xl = B2	G2	 F4,
where p is interpreted as the pth-power map on F . From this assump-
tion, if Xl = Al l ≥ 2	Dl l ≥ 4	 E6, then a ﬁeld F must be the ﬁeld
GFq4 where F0 = q and F0 = α ∈ F  αθ = α, and we can see that
F = GF22m+1	GF32m+1	GF22m+1 if Xl = B2	G2	 F4, respectively.
Set ρ = γθ = θγ. Then ρ is an automorphism of Gu of order 4 acting
on both subgroups U and V . Set U1 = u ∈ U  uρ = u and V 1 = v ∈
U  vρ = v. The twisted group G1 is deﬁned as a subgroup U1	 V 1 of a
universal Chevalley groupGu. (We can say that alsoG1 = CGuρ.) A factor
group G1/ZG1 is simple except for Xl	 q = A2	 22	 B2	 2	 G2	 3,
and F4	 2. Note that the commutator subgroup 2F42′ of 2F42 is simple,
called the Tits group. The orders d4Xlq4 of ZG1 are given in Table II.
For p ∈ πG1 with p  d4Xlq4, we may use either G1 or G1/ZG1
to examine Sylow automizers. The simple twisted Chevalley groups 4XlF
are denoted by
2Alq2 l ≥ 2	 2Dlq2 l ≥ 4	 3D4q3	 2E6q2	 2B222m+1	
2G232m+1	 2F422m+1
We describe some properties of the twisted groups of types Al	Dl, and
E6; that is, all roots of Xl have the same length. Similar properties hold
for the other twisted groups. Set H1 = G1 ∩ H and N1 = G1 ∩ N . We
call H1 a Cartan subgroup of G1. The subgroups U1	 V 1	H1	N1 play a
role in G1 analogous to the subgroups U	V	H	N of G. Let J be a σ-
orbit on *, and let W J = ωr  r ∈ J ⊆ W Xl. Then there exists a
unique element w0J ∈ W J of order 2 such that w0J
ρ = w0J. Let
W 1 = w ∈ W Xl  wρ = w. Then N1/H1  W 1 = w0J  J = σ-orbit.
Note that w0J is a reﬂection along the vector ar where r ∈ J and ar
is the average of the vectors in the σ-orbit J. Next we deﬁne an element
of H1 as
if J = r then hJt = hrt with t¯ = t	
if J = 2 then hJt = hrthr¯t¯	
if J = 3 then hJt = hrthr¯t¯h ¯¯r ¯¯t 
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where r¯ = rσ r ∈ ) and t¯ = tθ t ∈ F. Any element of H1 can be
uniquely expressed as *hJtJ where J runs through all σ-orbits on *.
5. SOME SYLOW p-SUBGROUPS AND THEIR AUTOMIZERS
The purpose of this section is to examine Sylow p-subgroups and their
automizers in a group of Lie type for certain prime divisors p.
5.1. The Deﬁning Characteristic of a Group of Lie Type
Here we consider Sylow p-subgroups of a Lie type group G over GFq
where p is the deﬁning characteristic of G.
Proposition 5.1. Let G be a simple group of Lie type over GFq, and
let P be a Sylow p-subgroup of G where p divides q. If P is abelian then G
is isomorphic to A1q  PSL2	 q.
Proof. For the deﬁning characteristic p of G, its Sylow p-subgroup is
conjugate to the standard unipotent subgroup of G which is generated by
positive root subgroups (see Section 4). Hence we can concretely compute
it using Chevalley’s commutator formula (see [5]) and properties of root
systems. The assertion is straightforward from their elementary calculations
(see also [12, Sect. 2.4]).
Let P be the set of all uni-upper triangular matrices of SL2	 pe. Then
a factor group P modulo ZSL2	 pe is an elementary abelian Sylow
p-subgroup of PSL2	 q of order q where q = pe. We can describe its
normalizer and centralizer in PSL2	 q explicitly by direct 2 × 2-matrix
computations. Then we obtain that PSL2	qP is a prime t if and only if
q = 2t + 1 or q = t + 1 if q is odd or even, respectively. This shows that
there exist examples of simple groups such that the order of a Sylow au-
tomizer is a prime number, even if its Sylow subgroup is non-cyclic abelian.
However the factorization q− 1 = p− 1pe−1 + · · · +p+ 1 implies that
if p is a prime greater than or equal to 5 then e must be 1; that is, P is
cyclic.
5.2. Abelian Sylow 2-Subgroups
Finite simple groups with abelian Sylow 2-subgroups have been classiﬁed
by Walter [22]. According to his result, such a simple group is isomorphic to
one of ﬁve groups PSL2	 q q > 3	 q ≡ 3	 5 8, PSL2	 2e, 2G232m+1,
and the smallest Janko group J1. For G = PSL2	 q as above, a Sylow 2-
subgroup of G is isomorphic to Z2 ×Z2. Furthermore, for G = 2G232m+1
or J1, we have GP = 21 where 23  P ∈ Syl2G.
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5.3. Prime Divisors p with p  d4Xlq4
The following proposition tells us that we may consider a universal
Chevalley group instead of an adjoint one to study Sylow automizers.
Proposition 5.2. Let 4Xlq4 be a simple group of Lie type, where
1Xlq1 is an untwisted version Xlq. For p ∈ π4Xlq4 with p d4Xlq4
and p = 2, we have that if a Sylow p-subgroup P of 4Xlq4 is abelian then
4Xlq4P is not a prime.
Proof. It is enough to consider the following four cases (see Tables I
and II).
Alq p dAlq	 E6q p = 3	
2Alq2 p d2Alq2	 2E6q2 p = 3	 q+ 1 ≡ 03
Case E6q p = 3. Since a Sylow 3-subgroup of O−6	 2  W E6
 N/H is not abelian, E6q ⊇ N/Z contains a non-abelian 3-subgroup
where Z is the center of a universal group of type E6.
Case Alq. Let G = Alq. Since 2 = p  l + 1 and p  q − 1, we have
l + 1 ≥ 3 and there exists 1 = t ∈ GFq× such that tp = 1. Set h =
diag1	 t	 t−1	 1	    	 1 and w = A⊕ Il+1−p in G where Il+1−p is the
identity matrix of size l + 1 − p and
A =


0 0 1
1 0
1
  
   0 0
1 0


∈ SLp	 q
a permutation matrix of order p. Since w acts on h  Zp, Q = h	w
is a p-subgroup of order p2. If p < l + 1 or 5 ≤ p then h	w = 1, so we
may assume that l + 1 = p = 3 and Q  Z3 × Z3. Then Q is a member
of Syl3G where G  PSL3	 q with 3  q − 1. However, we can see that
GQ is not a prime.
Case 2Alq2. Since 2 = p  l + 1 and p  q + 1, we have that l + 1 ≥ 3
and there exists 1 = t ∈ α ∈ GFq2×  1 = αθα = ααq = αq+1  Zq+1
of order p, where θ is an associated ﬁeld automorphism of order 2. Now
SUl + 1	 q2 = X ∈ SLl + 1	 q2  tXθx = I. Therefore we can apply
the same argument as in the case of Alq.
Case 2E6q2 p = 3	 q+ 1 ≡ 03. 2E6q2 contains SU6	 q2 as a
Levi factor of its parabolic subgroup (see also [2, Table 145]). Applying
Corollary 21 and the argument of the previous case 2Alq2, we can verify
this case.
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5.4. Prime Divisors p with p  q− 1
Proposition 5.3. Let Xlq be a universal Chevalley group. For
p ∈ πXlq with pq − 1, suppose XlqP = t is a prime where
abelian P ∈ SylpXlq. Then p = 2 or t = 2.
Proof. Set G = Xlq. Let H  Zq−1 × · · · ×Zq−1 (l times) be a Cartan
subgroup of G, and let @ be a Sylow p-subgroup of H. By hypothesis, we
have p ∈ πH and @ = 1. Take 1 = u ∈ GFq×  Zq−1 such that up = 1.
Then hru ∈ @ for any r ∈ * and hruωr = hru−1 = hru−1. Assume
p = 2. Then we have that hruωr = hru and ωr ∈ NG@ − CG@ (see
relation 1 in Section 41). Since ω2r ∈ H ⊆ CG@, G@ contains an
involution ωrCG@. Therefore, by Corollary 211, t = G@ = 2. The
proof is complete.
Proposition 5.4. Let 4Xlq4 be a twisted Chevalley group non-simple
case of type Al	Dl, or E6 i.e. all roots of Xl have the same length. Suppose
that 4Xlq4P = t is a prime for p ∈ π4Xlq4 with p  q− 1, and abelian
P ∈ Sylp4Xlq4. Then p = 2 or t = 2.
Proof. We can follow the same argument as in the proof of Proposi-
tion 53. Set G = 4Xlq4. By hypothesis, we can choose u ∈ F×0 such that
up = 1. So for any σ-orbit J on *, hJu is deﬁned in H1 and of or-
der p (see Section 42 for their descriptions). Let @ be a (unique) Sylow
p-subgroup of H1, and suppose p = 2. Then we have that hJuw0J =
h−Ju = hJu−1 = hJu, w0J ∈ NG@ − CG@, and w0J2 ∈ H1 ⊆
CG@, so this implies that the proof is complete.
Note that the assertion of Proposition 54 is true for the other twisted
groups using the same argument (see [5] for their properties).
5.5. Preliminary Lemma
We provide a lemma on a universal Chevalley group having a certain
subgroup, which is crucial in the next section.
Lemma 5.1. Let X be a universal Chevalley group, and let p ∈ πX with
p = 2. Suppose X possesses a non-p-nilpotent subgroup H with the property
that a maximal p-rank of a Sylow p-subgroup of H is smaller than that of an
abelian Sylow p-subgroup P of X. Then XP is not a prime.
Proof. By [11, (12-1)], NXP acts irreducibly on an elementary abelian
@1P. Let Q ∈ SylpH such that Q ⊆ P . Suppose XP is a prime t;
then HQ is 1 or t by Corollary 21, but since H is not p-nilpotent, we
have that
Zt ∼= HQ ⊆ XQ ∼= NXQ ∩NXP/CXQ ∩NXP	
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and NXQ ∩NXP/CXP = 1. Thus NXQ ∩NXP = NXP. How-
ever, this contradicts the irreducibility of @1P because of our hypothesis
@1P  @1Q = 1. Therefore XP is not a prime.
6. SIMPLE GROUPS OF LIE TYPE
The purpose of this section is to study a Lie type group X such
that XP is a prime for an abelian P ∈ SylpX. Before discussing
such groups, we set up some notations. Let X = 4Xlq4 be a univer-
sal Chevalley group over GFq4. If 4Xl = 2B2	 2G2, or 2F4 then we set
X = 2B222m+1	 2G232m+1, or 2F422m+1. Now there exists a set 4Xl
of positive integers such that the order of X is given by a polynomial in
q of the form X = qN*m∈4XlAmqrm , where Amq is the cyclotomic
polynomial for the mth roots of unity, N is the number of positive roots
in the root system corresponding to X, and rm ∈ Z+ (see [11]). Table III
shows the multiplicities rm for the classical groups.
Let e be the smallest positive integer such that p Aeq, and let mpX
be the maximal p-rank of a Sylow p-subgroup of X. Furthermore let
π = p ∈ πX  p = 2	 p  q	 p ∈ πZX
Lemma 6.1 [11, (10-2)]. Under the above notations, mpX =
mpX/ZX = re if p ∈ π.
We keep the earlier notations.
TABLE III
rm [11]
Al rm =
[
l + 1
m
]
if m > 1, r1 = l
Bl	 Cl rm =
[
2l
lcm2	m
]
if m ≥ 1
Dl rm =
[
2l
lcm2	m
]
unless m  2l and m  l, in which case rm = 2lm − 1
2Al rm =
[
l + 1
lcm2	m
]
if m ≡ 24
rm =
[
2l + 1
m
]
if m ≡ 24	 m > 2
r2 = l
2Dl rm =
[
2l
lcm2	m
]
if m  l
rm =
[
2l
lcm2	m
]
− 1 if m  l
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Proposition 6.1. Let X be a universal classical group, and let P be an
abelian Sylow p-subgroup of X where p ∈ π and p  q − 1. Then if XP
is a prime then P is cyclic.
Proof. Since p  q − 1, we may assume that e > 1. By Lemma 61, we
have that P is cyclic if and only if re = mpX = 1, so we may also assume
that re > 1. By Lemma 51, it sufﬁces to show that X has a subgroup H
such that H is not p-nilpotent and 1 ≤ rpH ≤ rpX − 1.
Type Al. X = SLl + 1	 q	 l ≥ 1. Since  l+1e  = re > 1 by the assump-
tion, e ≤ l. There exists a subgroup H = SLe	 q of X; thus we have that
rpH =  ee  = 1 and H is not p-nilpotent. (Note that SL2	 3 is of or-
der 23 · 3 and p = 2, p  q = 3, so H = SL2	 3. SL2	 2 ∼= S3 is not
3-nilpotent, otherwise PSLe	 q is simple.)
Type Bl. X = @2l+ 1	 q	 l ≥ 2	 q ≡ 12. Suppose e = 2i is even, then
i = e/2 ≤ l − 1 since re > 1. There exists a subgroup H = @e + 1	 q =
@2i+ 1	 q of X, then we have rpH =  2ie  = 1 and H is not p-nilpotent.
(Note that @3	 q ∼= PSL2	 q, otherwise P@e+ 1	 q is simple.) Suppose
e is odd. Then e ≤ l − 1 since re > 1. There exists a subgroup H = @2e+
1	 q of X; thus we have that rpH =  2e2e  = 1 and H is not p-nilpotent
since P@2e+ 1	 q is simple.
Type Cl. X = Sp2l	 q	 l ≥ 2. Suppose e = 2i is even, then i = e/2 ≤
l − 1 since re > 1. There exists a subgroup H = Spe	 q = Sp2i	 q of
X, then we have that rpH =  2ie  = 1 and H is not p-nilpotent. (Note
that Sp2	 q ∼= SL2	 q, Sp4	 2 ∼= @5	 2 ∼= S6, otherwise PSpe	 q is
simple.) Suppose e is odd, then e ≤ l − 1. There exists a subgroup H =
Sp2e	 q of X; thus we have that rpH =  2e2e  = 1 and H is not p-
nilpotent, since PSp2e	 q is simple.
Type Dl. X = @+2l	 q	 l ≥ 4. Suppose e = 2i is even, then i = e/2 ≤
l − 1 since re > 1. Suppose e = 2. Then we have rpX =  2l2  = l ≥ 4.
Now there exists a subgroup H = @+4	 q of X of order H = q2q2 −
1q2 − 1. Thus rpH = 2 and H is not p-nilpotent since P@+4	 q ∼=
PSL2	 q × PSL2	 q. Next suppose that e = 2i ≥ 4 is even. There ex-
ists a subgroup H = @+e + 2	 q = @+2i + 1	 q e  e + 1 = 2i + 1
of X. Thus we have that rpH =  e+1e  = 1 and H is not p-nilpotent.
(Note that @+6	 q ∼= PSL4	 q; otherwise P@+e + 2	 q is simple.) Fi-
nally suppose that e is odd, then e ≤ l − 1. There exists a subgroup H =
@+2e	 q e  2e	 e  e of X; thus we have that rpH =  2e2e  = 1 and H is
not p-nilpotent. (Note that @+6	 q ∼= PSL4	 q; otherwise P@+e+ 2	 q
is simple.)
Type 2Al. X = SUl + 1	 q2	 l ≥ 2. Suppose that e = 2i is even, and
that i is even. There exists a subgroup H = SUe	 q2 e = 2i ≡ 24 of
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X; thus we have that rpH =  ee  = 1 and H is not p-nilpotent, since
PSUe	 q2e ≥ 4 is simple. Suppose that e = 2. There exists a subgroup
H = SU2	 q2 ∼= SL2	 q of X of order H = qq2 − 1. Thus we have
that rpH = 1 and H is not p-nilpotent (see also the case Al.) Next as-
sume that e = 2i is even, and that i ≥ 3 is odd. There exists a subgroup
H = SUi	 q2 e ≡ 24	 e ≥ 2 of X; thus rpH =  2ie  = 1 and H
is not p-nilpotent. (Note that SU3	 22 is of order 23 · 33 and p = 2,
p ∈ πZSU3	 22 = 3, so H = SU3	 22. Otherwise H = PSUi	 q2
is simple.) Finally suppose that e is odd. There exists a subgroup H =
SU2e	 q2 e ≡ 24 of X; thus we have that rpH =  2e2e  = 1 and H is
not p-nilpotent, since PSU2e	 q2 is always simple.
Type 2Dl. X = @−2l	 q2	 l ≥ 4. Suppose e = 2i is even; then
i = e/2 ≤ l − 1, since re > 1. Suppose e = 2. There exists a subgroup
H = @−4	 q2 ∼= PSL2	 q2 of X of order H = q2q2 − 1q2 + 1;
thus rpH = 1 and H is not p-nilpotent. Suppose that e = 2i ≥ 4.
There exists a subgroup H = @−e	 q2 = @−2i	 q2 e  i of X; thus
we have that rpH =  2ie  = 1 and H is not p-nilpotent. (Note that
@−4	 q2 ∼= PSL2	 q2, P@−6	 q2 ∼= PSU4	 q2; otherwise P@−e	 q2
is simple.) Suppose that e is odd; then e ≤ l − 1. There exists a
subgroup H = @−2e + 1	 q2 e  e + 1 of X; thus we have that
rpH =  2e+12e  = 1 and H is not p-nilpotent.
The proof is complete.
Proposition 6.2. Let X be a universal exceptional group, and let P be an
abelian Sylow p-subgroup of X where p ∈ π and p  q − 1. Then if XP
is a prime then P is cyclic.
Proof. Let X = 2B2q or 2G2q, then their orders are 2B2q =
q2A1A4 and 2G2q = q3A1A2A6 where An = Anq for short. Thus P is
always cyclic by Lemma 61 (see the proof of Proposition 61).
The Table IV shows that some non-p-nilpotent subgroups H of the re-
maining universal groups X, and their orders (see [2, 3] for their existence).
Note that p ∈ πZH because of our hypothesis on p ∈ πX (see
also Tables I and II). Let se be the power of Ae for the order of H when
p ∈ πX ∩ πH. From Table IV, we can see that if re = 1 then mpX =
re ≥ se = mpH by Lemma 61. We consider the three cases separately.
Case re = 1. We have that P is cyclic as above.
Case re = 1	 re > se. By Lemma 51, XP is not a prime.
Case re = 1 and re = se. This occurs when X	H	 e = E7q	 E6q	 3
or E7q	 E6q, 4. Suppose that XP is a prime t; then HQ = t
for Q ∈ SylpH by Corollary 21. However, in the previous case, we have
already veriﬁed that HQ is not a prime, a contradiction. Obviously,
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TABLE IV
SL2	 q3 ⊆ 3D4q3
3D4q3 = q13A21A22A23A26A12
SL2	 q3 = q3A1A2A3A6
SL2	 q ⊆ G2q
G2q = q6A21A22A3A6
SL2	 q = qA1A2
Sp6	 q ⊆ F4q
F4q = q24A41A42A23A24A26A8A12
Sp6	 q = q9A31A32A3A4A6
2B2q	 SL2	 q ⊆ 2F4q q = 22m+1
2F4q = q12A21A22A24A6A12
2B2q = qA1A4
SL2	 q = qA1A2
SL6	 q ⊆ E6q
E6q = q36A61A42A33A24A5A26A8A9A12
SL6	 q = q15A51A32A23A4A5A6
SU6	 q ⊆ 2E6q
2E6q = q36A41A62A23A24A36A8A10A12A18
SU6	 q2 = q15A31A52A3A4A26A10
E6q ⊆ E7q
E7q = q63A71A72A33A24A5A36A7A8A9A10A12A14A18
E6q = q36A61A42A33A24A5A26A8A9A12
E7q ⊆ E8q
E8q = q120A81A82A43A44A25A46A7A28A9A210A212A14A15A18A20A24A30
E7q = q63A71A72A33A24A5A36A7A8A9A10A12A14A18
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the assertion for the Tits group 2F42′ is true (see, for example, [6]). The
proof is complete.
Combining Propositions 52, 53, 54, 61, 62 and the result of Smith and
Tyrer [16], we obtain the following on groups of Lie type.
Proposition 6.3. Let X be a simple group of Lie type over GFq, and
let P be an abelian Sylow p-subgroup of X where p = 2 and p	 q = 1. If
XP is a prime then P is cyclic.
Finally we are ready to state the result on ﬁnite simple groups in general
gathering Propositions 31, 32, 63, and the results in Sections 51 and 52.
Proposition 6.4. Let G be a ﬁnite simple group, and let P be an abelian
Sylow p-subgroup of G having the property that GP is a prime. Then one
of the following holds.
1. P is cyclic.
2. P is an elementary abelian Z2 × Z2 of order 4.
3. G is isomorphic to PSL2	 pn for p = 2 or 3.
7. PROOF OF THE MAIN RESULT
In this section we prove our main result in Section 1. By Proposition 21
it sufﬁces to show that (H) in Section 2 is true.
Proposition 7.1. Let t be a prime. If G is a ﬁnite simple group with
abelian Sylow p-subgroup P such that GP = t. Then lBG = t.
Proof. By Proposition 64, if G is a ﬁnite simple group with abelian
Sylow p-subgroup P such that GP is a prime, then P is cyclic or P is
a Klein four-group or G is isomorphic to PSL2	 q where pq. As is well
known that Alperin’s conjecture is true for the principal blocks of those
simple groups (we can verify this fact from [4, 9] too.) This completes the
proof.
ACKNOWLEDGMENTS
The authors thank very much Professor Masafumi Murai who informed them that Step 4 in
the proof of Proposition 2.1 can be shown without using Schreier’s conjecture. This work was
partially done while the ﬁrst author was visiting the University of Illinois at Chicago during
1999–2001. It is a pleasure to thank the University for its support. Professor Stephen D. Smith
also gave much encouragement.
734 sawabe and watanabe
REFERENCES
1. J. Alperin, Weights for ﬁnite groups, in Proc. Sympos. Pure Math., Vol. 47, pp. 369–379,
Amer. Math. Soc., Providence, 1987.
2. M. Aschbacher, A characterization of Chevalley groups over ﬁelds of odd order, Ann.
Math. 106 (1977), 353–468.
3. M. Aschbacher and G. Seitz, Involutions in Chevalley groups over ﬁelds of even order,
Nagoya Math. J. 63 (1976), 1–91.
4. M. Cabanes, Brauer morphism between modular Hecke algebras, J. Algebra 115 (1988),
1–31.
5. R. Carter, “Simple Groups of Lie Type,” Wiley-Interscience, New York, 1972.
6. J. Conway, R. Curtis, S. Norton, R. Parker, and R. Wilson, “Atlas of Finite Groups,”
Clarendon, Oxford, 1985.
7. E. Dade, Remarks on isomorphic blocks, J. Algebra 45 (1977), 254–258.
8. W. Feit, “The Representation Theory of Finite Groups”, North-Holland, Amsterdam,
1982.
9. P. Fong and M. Harris, On perfect isometries and isotypies in ﬁnite groups, Invent. Math.
114 (1993), 139–191.
10. D. Gorenstein, “Finite groups,” Harper & Row, New York, 1968.
11. D. Gorenstein and R. Lyons, The local structure of ﬁnite groups of characteristic 2 type,
Mem. Amer. Math. Soc. 276 1983.
12. D. Gorenstein, R. Lyons, and R. Solomon, “The Classiﬁcation of the Finite Simple
Groups,” Amer. Math. Soc. Surveys and Monographs, Vol. 40, Amer. Math. Soc., Provi-
dence, 1998.
13. H. Nagao and Y. Tsushima, “Representations of Finite Groups,” Academic Press, New
York, 1987.
14. L. Puig and Y. Usami, Perfect isometries for blocks with abelian defect groups and Klein
four inertial quotients, J. Algebra 160 (1993), 192–225.
15. L. Puig and Y. Usami, Perfect isometries for blocks with abelian defect groups and cyclic
inertial quotients of order 4, J. Algebra 172 (1995), 205–213.
16. S. Smith and A. Tyrer, On ﬁnite groups with a certain Sylow normalizer, II, J. Algebra 26
(1973), 366–367.
17. Y. Usami, On p-blocks with abelian defect groups and inertial index 2 or 3, I, J. Algebra
119 (1988), 123–146.
18. Y. Usami, Perfect isometries for blocks with abelian defect groups and dihedral inertial
quotients of order 6, J. Algebra 172 (1995), 113–125.
19. Y. Usami, Perfect isometries and isotypies for blocks with abelian defect groups and the
inertial quotients isomorphic to Z4 × Z2, J. Algebra 181 (1996), 727–759.
20. Y. Usami, Perfect isometries and isotypies for blocks with abelian defect groups and the
inertial quotients isomorphic to Z3 × Z3, J. Algebra 182 (1996), 140–164.
21. Y. Usami, Perfect isometries for principal blocks with abelian defect groups and elemen-
tary abelian 2-inertial quotients, J. Algebra 196 (1997), 646–681.
22. J. Walter, The characterization of ﬁnite groups with abelian Sylow 2-subgroups, Ann.
Math. 89 (1969), 405–514.
23. A. Watanabe, Some studies on p-blocks with abelian defect groups, Kumamoto J. Sci.
(Math.) 16 (1985), 49–67.
